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In contrast to natural atoms, the potential energies for superconducting flux qubit (SFQ) circuits can be artifi-
cially controlled. When the inversion symmetry of the potential energy is broken, we find that the multi-photon
processes can coexist in the multi-level SFQ circuits. Moreover, there are not only transverse but also longitu-
dinal couplings between the external magnetic fields and the SFQs when the inversion symmetry of potential
energy is broken. The longitudinal coupling would induce some new phenomena in the SFQs. Here we will
show how the longitudinal coupling can result in the coexistence of multi-photon processes in a two-level sys-
tem formed by a SFQ circuit. We also show that the SFQs can become transparent to the transverse coupling
fields when the longitudinal coupling fields satisfy the certain conditions. We further show that the quantum
Zeno effect can also be induced by the longitudinal coupling in the SFQs. Finally we clarify why the longitudi-
nal coupling can induce coexistence and disappearance of single- and two-photon processes for a driven SFQ,
which is coupled to a single-mode quantized field.
PACS numbers: 85.25.Cp, 32.80.Qk, 42.50.Hz.
I. INTRODUCTION
Superconducting quantum circuits possess discrete energy-
levels and behave like natural atoms [1–6] that the transitions
between different energy levels can be induced by the mi-
crowave electromagnetic fields. Thus, many experiments im-
plemented in natural atoms can also be demonstrated by us-
ing the superconducting quantum circuits, e.g., circuit quan-
tum electrodynamics (e.g., in Refs. [7–9]), superconducting
qubit dressed-states (e.g., in Refs. [10–14]) and microwave
amplification [15], state control in superconducting quantum
three-level systems (e.g., in Refs. [16–25]), lasing without
population inversion [26, 27], cooling for the superconducting
qubits (e.g., in Refs. [28–30]), and sideband excitations (e.g.,
in Refs. [31–33]). In contrast to natural atoms, the poten-
tial energy of superconducting flux qubit (SFQ) circuits can
be changed by adjusting externally applied magnetic fields.
The tunability of potential energy makes the SFQ circuits have
many features which do not exist in natural atoms.
In natural atoms, the inversion symmetry of the potential
energy is given by the nature and cannot be changed artifi-
cially. Thus each eigenstate has well-defined parity, and the
electric-dipole transitions induced by the electric field can
only link two eigenstates which have different parities. How-
ever, the inversion symmetry of the potential energy for the
SFQ circuits can be controlled by the external magnetic flux.
When the inversion symmetry is adjusted to be broken, there
is no well-defined parity for each eigenstate of the multi-level
SFQ circuits, and the microwave-induced transitions between
any two energy levels are possible, thus the multi-photon and
single-photon processes can coexist for such multi-level sys-
tems. This coexistence of the multi-photon processes can be
easily understood by virtue of an example using three-level
SFQ circuits. That is, the transition between the ground state
and the second excited state can be realized via two differ-
ent pathes: (i) from the ground to the second excited state via
a single-photon process; or (ii) from the ground state to the
first excited state via a single-photon, and then from the first
excited state to the second excited state via another single-
photon process [34]. This means that the single- and two-
photon processes can realize the same goal: the transition
from the ground to the second excited state.
The coexistence [34] of the single- and two-photon pro-
cesses in the three-level SFQ circuits with the cyclic transi-
tion, which is also called as ∆-type transition in analogue to
so-called Ξ-, Λ-, and V -type transitions in atomic physics or
quantum optics [35], has been experimentally demonstrated
via a delicate superconducting qubit-resonator circuit [36, 37].
The three-level SFQ circuits with ∆-type transitions can be
used to generate single photon [38, 39] and cool supercon-
ducting qubits [28, 29]. The analysis of the inversion symme-
try for the potential energy of the SFQs [34, 40] also showed
that two SFQs cannot simultaneously work at the optimal
point when the frequency matching method is used to con-
trol the coupling between them. Thus either an auxiliary cir-
cuit or a coupler [31, 41–43] is necessary to make that both
of the SFQs can be at their optimal points [31, 40]. After-
wards, several theoretical works [44–47] followed proposals
in Refs. [31, 40] and studied how to control the two-flux-qubit
coupling using an additional nonlinear coupler, which resulted
in experimental studies on controllable couplings [48] and en-
gineered selection rules for tunable couplings [49].
In this work, we will first show that the transverse and
longitudinal couplings between the microwave fields and the
SFQs can coexist. Such coexistence results from the bro-
ken inversion symmetry of tunable potential energy of the
SFQ circuits. The transverse coupling between a single-mode
microwave field and the SFQ, which can be reduced to the
Jaynes-Cummings model in the rotating wave approximation,
is well studied in the quantum optics and atomic physics [35].
However, the model with both the transverse and longitudinal
couplings is less studied. The reason is that electric-dipole in-
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FIG. 1: (Color online) Comparisons of the moduli of the f -
dependent transition matrix elements Iij = 〈i|I |j〉 with i 6= j
between the loop current in Eq. (3) with solid curves and those in
Ref. [34] with dashed curves for the three lowest energy levels with
i, j = 0, 1, 2. Here, the different transition matrix elements are de-
noted by different colors as shown in the figure. We take α = 0.8 and
EJ = 40Ec in our numerical simulations. Here, Ec = e2/(2CJ).
duced longitudinal couplings do not exist in the natural atoms
with well-defined parities. In this paper, we show some new
results, which do not exist in the Jaynes-Cummings model,
when both transverse and longitudinal couplings exist. More-
over, we also study the interaction between the driven SFQs
and the low frequency harmonic oscillator [30, 50, 51] when
the inversion symmetry of the SFQs is broken, and further
show some new phenomena due to the longitudinal coupling.
Our paper is organized as below. In Sec. II, we will briefly
review the SFQ circuits. As the complementary and general-
ization of Ref. [34], we will also clarify some points which
were not studied in our earlier literatures. For instance, how
to take phase transformations so that the interaction between
the SFQ circuits and the external circuit can be described via
the product of the loop current of the SFQ circuits and the ex-
ternal magnetic flux, and how the multi-photon processes can
coexist in multi-level systems when the inversion symmetry
is broken. In Sec. III, we will present a Hamiltonian on the
transverse and longitudinal couplings between the magnetic
fields and SFQs, and show how the longitudinal coupling can
induce the coexistence of single- and multi-photon processes
in a superconducting quantum two-level system. We will
also demonstrate the longitudinal coupling induced dynami-
cal quantum Zeno effect and the transparency of the SFQs to
the transverse coupling fields. In Sec. IV, the transverse and
longitudinal couplings between the driven SFQ and the low
frequency harmonic oscillator (e.g., an LC circuit) is studied.
We will explore the nature of the coexistence and disappear-
ance of the single- and two-photon processes in the driven
SFQs. Finally, we summarize our results in Sec. V.
II. THEORETICAL MODEL AND COEXISTENCE OF
MULTI-PHOTON PROCESSES IN MULTI-LEVEL SFQ
CIRCUITS
In this section, we first study theoretically the interaction
model between the SFQ circuit with three Josephson junc-
tions and the externally applied time-dependent magnetic flux.
In the following, the abbreviation SFQ usually denotes two-
level system (qubit) of the SFQ circuit if we do not specify
it. As the complementary and generalization of the results in
Ref. [34], we will clarify some points which were not studied
in the former literatures (e.g., in Refs. [34, 52]). Then we will
summarize the selection rules and discuss the coexistence of
multi-photon processes in the multi-level systems.
A. Hamiltonian and phase transformations
Let us consider a superconducting flux qubit (SFQ) cir-
cuit, which is composed of a superconducting loop with three
Josephson junctions. As in Ref. [34] and Ref. [52], the two
larger junctions are assumed to have equal Josephson ener-
gies EJ1 = EJ2 = EJ and capacitances CJ1 = CJ2 = CJ.
While for the third junction, the Josephson energy and the ca-
pacitance are assumed to be EJ3 = αEJ and CJ3 = αCJ,
with 0.5 < α < 1. We assume that a static magnetic flux Φe
and a time-dependent magnetic flux Φ(t) are applied through
the superconducting loop. In this case, the Hamiltonian can
be given by
H =
P 2p
2Mp
+
P 2m
2Mm
+ U(ϕp, ϕm) + IΦ(t), (1)
with Mp = 2CJ(Φ0/2pi)2 and Mm = Mp(1 + 2α). The
potential energy U(ϕp, ϕm) of the SFQ circuit is defined as
U(ϕp, ϕm) = 2EJ(1− cosϕp cosϕm)
+ αEJ [1− cos (2pif + 2ϕm)] , (2)
with the reduced magnetic flux f = Φe/Φ0 and the magnetic
flux quantum Φ0. The third term IΦ(t) in Eq. (1) plays the
similar role as the electric-dipole interactions between the na-
ture atoms and the electric fields, and describes the interaction
between the SFQ circuit and the time-dependent magnetic flux
provided by the external circuit. The parameter I in Eq. (1)
denotes the loop current of the SFQ circuit given by [40]
I =
α I0
2α+ 1
[−2 sinϕm cosϕp + sin (2pif + 2ϕm)] , (3)
when the time-dependent magnetic flux Φ(t) = 0, here I0 =
2piEJ/Φ0. We note that Eq. (3) is different from those in the
former literatures (e.g., in Refs. [34, 53]). This difference re-
sults from different phase transformations
φp =
1
2
(φ1 + φ2), (4)
φm =
1
2
(φ2 − φ1) +
2piα
(1 + 2α)
Φ(t)
Φ0
, (5)
3with the superconducting phase differences φ1 and φ2 of the
two identical Josephson junctions. We also use the phase
constraint condition for superconducting phase differences φi
(with i = 1, 2, 3) of the three Josephson junctions as
− φ1 + φ2 + φ3 +
2piΦe
Φ0
+
2piΦ(t)
Φ0
= 0, (6)
when Eqs. (2) and (3) are derived.
In the former literatures (e.g., in Refs. [34, 53]), the sec-
ond term in Eq. (5) for the phase transformations has been
neglected. Our derivation here and the former derivation in
the literatures [34, 53] can give the same type of the interac-
tion Hamiltonian between the time-dependent magnetic flux
and the superconducting flux qubit circuit, but there is a sig-
nificant difference. In the derivation of Refs. [34, 53], I in
Eq. (1) is the supercurrent passing through one of the three
Josephson junctions. But for our derivation here, I in Eq. (1)
is the loop current of the SFQ circuit. Thus two derivations
result in different coupling strengths between the SFQ circuit
and the external magnetic flux. We think that the phase trans-
formations in Eqs. (4) and (5) are more appropriate than those
used in the former literatures (e.g., in Refs. [34, 53]) when
the time-dependent magnetic flux is considered. Because in
this transformation, the interaction between the SFQ circuit
and the external circuit can be expressed as the product [40]
of the loop current I of the SFQ circuit and the external mag-
netic flux Φ(t) provided by the external circuit. This is in ac-
cordance with the interaction energy between the circulating
current in a metal loop and the external magnetic flux.
We know that the loop current of the SFQ circuit equals to
the summation of the supercurrent and the displacement cur-
rent through one of the three Josephson junctions. The phase
transformations in the former literatures [34, 53] result in an
approximated current-flux interaction Hamiltonian between
the SFQ circuit and the external magnetic flux Φ(t), because
the displacement currents in the three Josephson junctions are
simply neglected. However, the phase transformations, used
in Eqs. (4) and (5), result in that I in Eq. (1) is just the loop
current given in Eq. (3), which is calculated by including both
the supercurrent and the displacement current for each junc-
tion. Thus the phase transformations, used in Eqs. (4) and (5),
overcome the drawback of former derivations [34, 53] and are
more reasonable.
We should also note that the transformations applied in
Eqs. (4) and (5) do not change the basic results on the selec-
tion rules and the adiabatic control of the quantum states that
were studied in Ref. [34] in which the displacement currents
are neglected. This can be very easily verified by using Eq. (2)
and Eq. (3), that is: (i) when f = 0.5 which is called as an op-
timal point, the potential energy in Eq. (2) is an even function
of the variables φp and φm, and the loop current in Eq. (3)
is an odd function of the variables φm and φp. Therefore the
potential energy and the loop current have the well-defined
symmetry. (ii) When f 6= 0.5, the inversion symmetries for
both the potential energy in Eq. (2) and the loop current in
Eq. (3) do not exist. Therefore, the conclusions in both (i) and
(ii) are the same as those in Refs. [34, 53]. However due to
the different expressions of the loop currents in Eq. (3) and
TABLE I: Comparison between SFQ circuits and natural atoms for
dipole moments, parities, symmetry, and selection rules.
Atoms Dipole moments Parities Symmetry Selection rules
Natural atoms ∝ e−→r Odd Well-
defined
Have
SQC (f = 0.5) ∝ − sin(2ϕm)
−2 sinϕm cosϕp
Odd Well-
defined
Have
SQC (f 6= 0.5) ∝ sin(2ϕm + 2pif)
−2 sinϕm cosϕp
No parity Broken Not have
0
1
2
n
n-1 energy levels
FIG. 2: (Color online) Schematic diagram for the coexistence of dif-
ferent photon transition processes when the inversion symmetry of
the potential energy is broken, i.e., f 6= 0.5. In this case, all of
the transitions between any two energy levels are possible, i.e., there
is no forbidden transition. For example, the loop formed by three
red arrow lines (which link to ground state, the second excited state,
and the nth excited state) denotes a coexistence of single- and two-
photon processes for the (n + 1)-level system. The coexistence of
single- and two-photon processes can also be formed by the ground,
first excited, and second excited states. However, the loop formed
by the green arrow lines (which link the ground, second, third, un-
til nth excited states) denotes a coexistence of single- and n-photon
processes for the (n+ 1)-level system. This schematic diagram also
shows that many different photon processes can coexist in the SFQ
circuit with the broken inversion symmetry.
in Refs. [34, 53], the transition matrix elements will be re-
normalized. Below we will further clarify this conclusion via
the discussions on the selection rules and numerical calcula-
tions for the transition matrix elements.
B. Selection rules and coexistence of multi-photon processes in
n-level systems
As a necessary supplementary and generalization of the re-
sults in Ref. [34] for the microwave-induced transitions be-
tween two different energy levels, we now rewrite the Hamil-
tonian in Eq. (1) using eigenstates {|i〉, i = 0, · · ·n} of the
4SFQ circuits as the basis
H =
∑
i
~ωii|i〉〈i|+
n∑
i,j=0
Iij |i〉〈j|Φ(t) , (7)
with “dipole” matrix elements Iij = 〈i|I|j〉 and the eigen-
value ~ωii of the eigenstate |i〉.
As discussed above for f = 0.5, the potential energy in
Eq. (2) and the loop current in Eq. (3) have inversion symme-
tries, and also all eigenstates of the SFQ circuit have well-
defined parities. The loop current I in Eq. (3) is an odd
function of the variables φp and φm. Therefore, at the point
f = 0.5, the SFQ circuit has the same selection rules as the
natural atoms, and the microwave-induced transition can only
link two states which have different parities. However, the
symmetry is broken when f 6= 0.5. Thus the selection rules
of the SFQ circuits do not exist, and the microwave-induced
transitions between any two energy levels are possible. The
comparison of the selection rules between the SFQ circuits
and natural atoms is summarized in Table I.
To compare the f -dependent transition matrix elements us-
ing the loop current in Eq. (3) with those in, e.g., Ref. [34], the
moduli of the transition matrix elements Iij = 〈i|I|j〉 versus
the reduced magnetic flux f is plotted in Fig. 1 for the three
lowest energy levels with i, j = 0, 1, 2 and i 6= j. Numerical
results in Fig. 1 clearly show that there is the same transition
rule for the current operator used in Eq. (3) and in Ref. [34].
However, as shown in Fig. 1, the amplitudes of the transition
matrix elements are different for the two different current ex-
pressions in Eq. (3) and in Ref. [34]. It is obvious that the
coupling strength given by our theoretical derivation here is
bigger than that given in Ref. [34] near the optimal point.
As shown in Table I and Fig. 1, when the inversion sym-
metry of the potential energy is broken (i.e., f 6= 0.5), all
transition matrix elements are nonzero, thus the transitions be-
tween any two levels are allowed. In this case, the single- and
n-photon processes can coexist for the (n+ 1)-level SFQ cir-
cuit. That is, for an (n + 1)-level system, the transition from
the ground state |0〉 to the nth excited state |n〉 can be real-
ized by either the single-photon process (|0〉 → |n〉) or the
n-photon processes (|0〉 → |1〉 → · · · |n − 1〉 → |n〉). Simi-
larly, many different photon processes can also coexist in the
case with the broken inversion symmetry. The coexistence of
single- and n-photon processes has been schematically shown
in Fig. 2. When n = 2, we have the three-level SFQ cir-
cuit as discussed in Ref. [34], then the single- and two-photon
processes can coexist. It should be noted that the transitions
between two energy levels should obey the selection rules at
the optimal point f = 0.5. The photon transition processes for
the (n+ 1)-level SFQ circuit have been schematically shown
in Fig. 3 for the case f = 0.5.
In above, we mainly analyze the basic properties of the
multi-level SFQ circuits. Below we will focus on new fea-
tures of the SFQ (or quantum two-level system formed by the
superconducting flux qubit circuit) when the inversion sym-
metry of the potential energy is broken.
0
1
2
n
n-1 energy levels
0
1
2
n
n-1 energy levels
(a) (b)
FIG. 3: (Color online) The Schematic diagram for the photon transi-
tion processes when the inversion symmetry of the potential energy
is well-defined, i.e., f = 0.5. For convenience, let us assume that
the microwave-induced transition between the state |n〉 and the state
|n+1〉 is possible for the (n+1)-level system. Therefore, it is clear
that the transition between the state |0〉 and the state |2〉 is prohib-
ited. In (a), if the transition between the state |2〉 and the state |n〉
is prohibited, then the transition between the state |n〉 and the state
|0〉 is also prohibited; In (b), if the transition between the state |2〉
and the state |n〉 is allowed, then the transition between the state |n〉
and the state |0〉 is also allowed, however the transition between the
state |0〉 and the state |2〉 is forbidden. In both figures, the sign “×”
denotes that the electric-dipole-like microwave-induced transition is
prohibited. Because the parities for those states are the same.
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FIG. 4: (Color online) The f -dependent loop current Iii = 〈i|I |i〉
for the two lowest energy levels |0〉 and |1〉. Here, we take the typical
numbers α = 0.8 and EJ = 40Ec in our numerical simulations.
III. NEW PHENOMENA INDUCED BY LONGITUDINAL
COUPLINGS BETWEEN SFQS AND EXTERNAL
MAGNETIC FLUXES
A. Theoretical model on the couplings between SFQs and
external magnetic fluxes
Let us consider the case of the two lowest energy levels for
the SFQ circuits, i.e., n = 1. In this case, the Hamiltonian in
Eq. (7) is reduced to that of the superconducting flux qubits
(SFQs), driven by the time-dependent external magnetic flux.
In Fig. 4, the matrix elements of the loop current I of the SFQs
for the two lowest energy levels |0〉 and |1〉 are plotted versus
5the reduced magnetic flux f . Fig. 4 shows a well-known result
that the loop current I in the ground |0〉 and the first excited |1〉
states are zero at the optimal point f = 0.5. However, once
the symmetry is broken, the loop current for both states are
nonzero. We note that the loop current Iii also depends on the
ratios α = EJ3/EJ1 and EJ/Ec. As shown in Fig. 4, the loop
current Iii is almost a constant for α = 0.8 and EJ/Ec = 40
when f deviates from 0.5, however it is not always the case
for other parameter ratios.
Based on the above discussions, for a SFQ interacting with
the time-dependent magnetic flux, we have the following gen-
eral Hamiltonian
H =
1∑
i=0
~ωii(f)|i〉〈i|+ [I01(f)|0〉〈1|+ I10(f)|1〉〈0|] Φ(t)
+ [I00(f)|0〉〈0|+ I11(f)|1〉〈1|] Φ(t). (8)
Here, we write ωii(f) and Iij(f) (with i, j = 0, 1) to empha-
size the f -dependent parameters.
Let us now first discuss the interaction between the SFQ
and the classical magnetic flux Φ(t) using the Hamiltonian in
Eq. (8) when f = 0.5. The above analytical analysis together
with Fig. 1 and Fig. 4 show
I00(f = 0.5) = I11(f = 0.5) = 0, (9)
and
I10(f = 0.5) = I01(f = 0.5) 6= 0. (10)
Therefore, in Eq. (8), the two coupling terms become
Iii(f = 0.5)|i〉〈i|Φ(t) = 0, (11)
with i = 0, 1, which means that there is no longitudinal cou-
pling between the time-dependent magnetic flux and the SFQ
at the optimal point. There are only coupling terms I01(f =
0.5)(|0〉〈1| + |1〉〈0|)Φ(t) in Eq. (8), called as the transverse
coupling between the time-dependent magnetic flux and the
SFQ. Therefore, under the rotating wave approximation, the
Hamiltonian in Eq. (8) at the optimal point can further be
reduced to the Jaynes-Cumming model, which has been ex-
tensively explored in the quantum optics and the circuit QED
system.
When f 6= 0.5, all elements Iij(f) with i = 0, 1 are
nonzero. In this case, the interaction Hamiltonian between the
time-dependent magnetic flux and the SFQs includes both the
transverse and longitudinal couplings, which are less studied.
This longitudinal coupling can induce some unusual phenom-
ena which will be explored below. For convenience, our stud-
ies below just consider the case of the longitudinal and trans-
verse couplings between a driving classical field and a SFQ,
however all of the discussions in the subsections III B, III C,
and III D can be applied to the case with many driving fields.
B. Longitudinal coupling induced coexistence of single- and
multi-photon processes in SFQs
For convenience, using the relations in Eqs. (9) and (10),
the Hamiltonian in Eq. (8) can be rewritten as
H = ~
ωq
2
σz + ~(λxσx + λzσz) cos(ω0t), (12)
with σz = |1〉〈1| − |0〉〈0| and σx = |0〉〈1| + |1〉〈0|. Here,
we assume the magnetic flux Φ(t) in Eq. (8) to be Φ(t) =
Φ cos(ω0t), and then λx = ΦI01/~ and λz = Φ(I11 −
I00)/(2~).
If the SFQ works at the optimal point (i.e., f = 0.5), then
I11(f = 0.5) = 0 which implies the longitudinal coupling
constant λz = 0. In this case, Eq. (12) becomes a standard
Hamiltonian of a driven SFQ, and there is only single-photon
resonant transition in the SFQ induced by the external mag-
netic flux with the condition ωq = ω0.
When the reduced magnetic flux deviates from the optimal
point, i.e., f 6= 0.5, there are both the transverse and longi-
tudinal couplings between the SFQ and the external magnetic
flux. In contrast to the case of only the single-photon process
for the transverse coupling between the SFQ and the external
magnetic flux, the longitudinal coupling can result in the coex-
istence of the single- and multi-photon processes in the SFQs.
To demonstrate this, we now apply a unitary transformation
U(t) = exp
[
−
i
2
(
ω0t+ 2
λz
ω0
sinω0t
)
σz
]
(13)
to Eq. (12), and thus the Hamiltonian in Eq. (12) becomes
H = ~
ωq − ω0
2
σz + ~
∑
n
[
λne
−inω0tσ+ + h.c.
]
,(14)
under the rotating wave approximation. The effective Rabi
frequency in Eq. (14) is given by
λn = λxJn
[
2λz
ω0
]
, (15)
which depends on both λz and ω0 with the Bessel functions
Jn(2λz/ω0) of the first kind. When deriving Eq. (14), we use
the relation
exp
[
i
2λz
ω0
sin(ω0t)
]
=
n=∞∑
n=−∞
Jn
[
2λz
ω0
]
exp [inω0t] .
(16)
We note if the SFQ works at the optimal point, then λz = 0
and the Bessel functions
Jn6=0
(
2λz
ω0
= 0
)
= 0, (17)
Jn=0
(
2λz
ω0
= 0
)
= 1. (18)
In this case, Eq. (14) is reduced to the usual Jaynes-Cumming
model for the externally driven two-level system, and only
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FIG. 5: (Color online) Schematic diagram for the longitudinal cou-
pling induced coexistence of multi-photon processes in the SFQs
describes the single-photon resonant transition with the con-
dition ωq = ω0. The single-photon process is characterized
by the term for n = 0 in Eq. (14) with the amplitude
λ0 = λxJ0
(
2λz
ω0
= 0
)
= λx. (19)
This is also an obvious result of Eq. (12) for λz = 0 and with
the rotating wave approximation as described above.
However, for the case λz 6= 0, all of the Bessel functions
Jn(2λz/ω0) and then λn are nonzero except some special
ratios 2λz/ω0, which are roots of the Bessel functions. For
nonzero λn, Eq. (14) shows an obvious resonant condition
ωq = (n+ 1)ω0. (20)
Therefore when the inversion symmetry is broken, the lon-
gitudinal coupling can induce the coexistence of single- and
multi-photon processes in the SFQ. The coexistence of single-
and multi-photon processes in the SFQs is schematically
shown in Fig. 5.
In summary, the conditions for the coexistence of single-
and multi-photon processes in the SFQs are: (a) the SFQs do
not work at the optimal point, and thus there are both the lon-
gitudinal and transverse couplings between the SFQs and the
external magnetic fluxes; (b) the ratios 2λz/ω0 are not roots
of the function Jn(2λz/ω0). The multi-photon processes in
the SFQs with the driving fields [54] have been experimen-
tally observed (e.g., in Refs. [55–59]). Thus the above two
conditions and our studies here should be necessarily theo-
retical complementary to these experimental studies (e.g., in
Refs. [55–59]).
We notice that the Hamiltonian used in Eq. (12) is equiva-
lent to one, commonly used in the literatures (e.g., Refs. [55,
56]) for SFQs, described by
H ′ = εσz +∆σx + λσz cos(ω0t), (21)
in the loop current basis. Because Eq. (21) can be easily trans-
formed to Eq. (12) in the qubit basis by diagonalizing the first
two terms of Eq. (21). We also note that the longitudinal cou-
pling induced coexistence of multi-photon processes in SFQs
actually bears similarity to the phenomenon of coherent de-
struction of tunneling [60, 61].
C. Longitudinal coupling induced transparency of the SFQs to
the transverse coupling fields
We now show how the longitudinal coupling field can re-
sult in the transparency of the SFQ to the transverse coupling
fields. Let us first give the solutions of the Hamiltonian in
Eq. (14). We assume that the solutions |Ψ〉 of Eq. (14) have
the following form
|Ψ〉 = A(t)|0〉+B(t)|1〉. (22)
According to the expansion of the Hamiltonian in Eq. (14),
there are many resonant peaks under the frequency matching
condition ωq = (n+1)ω0. If we assume that the frequency of
the driving field satisfies the condition ω0 = ωq/(n+1), then
the time-dependent parametersA(t) and B(t) can be given by
A(t) =
{
A(0)
[
cos
(
Ωnt
2
)
− i
∆n
Ωn
sin
(
Ωnt
2
)]
− iB(0)
2λn
Ωn
sin
(
Ωnt
2
)}
exp
[
i
nω0t
2
]
, (23)
B(t) =
{
B(0)
[
cos
(
Ωnt
2
)
+ i
∆n
Ωn
sin
(
Ωnt
2
)]
− iA(0)
2λn
Ωn
sin
(
Ωnt
2
)}
exp
[
−i
nω0t
2
]
. (24)
Here, A(0) and B(0) are given by the initial conditions of
Eq. (22). The Rabi frequency Ωn and the parameter ∆n are
given by
Ωn =
√
∆2n + 4|λn|
2, (25)
∆n = ωq − (n+ 1)ω0. (26)
If the SFQ is initially prepared to the ground state, i.e.,
A(0) = 1, and also the coupling constant λn satisfies the con-
dition λn = 0, then from Eqs. (23) and (24), we can obtain
|B(t)| ≡ 0 and |A(t)| ≡ 1. In this case, the SFQ is always
in its ground state and the population in the excited state is al-
ways zero even that the resonant condition ωq = (n+1)ω0 is
satisfied. This means that the SFQ is transparent to the trans-
verse field due to the longitudinal coupling. However, when
the longitudinal coupling is zero, once the resonant condition
is satisfied, the transverse field can be absorbed by the SFQ.
D. Longitudinal coupling induced dynamical quantum Zeno
effect
We now study another interesting phenomenon, that is, the
environmental effect of the flux qubit can be switched off by
virtue of the longitudinal coupling field when the inversion
symmetry of the SFQ potential energy is broken. The Hamil-
tonian of the driven SFQ interacting with the environment can
be written as
Hen = ~
ωq
2
σz + ~(λxσx + λzσz) cos(ω0t)
+
∑
i
~ωib
†
ibi + ~
∑
i
(giσ+bi + g
∗
i σ−b
†
i ), (27)
7with the definition σx = σ++σ− for the ladder operators σ±.
Here, as in Eq. (12), the longitudinal and transverse couplings
between the SFQ and the classical fields are characterized by
the parameters λz and λx. The environment is presented as
a set of harmonic oscillators, each with the frequency ωi and
the creation (annihilation) operator b†i (bi). The coupling con-
stant between the SFQ and the ith bosonic mode is denoted
by gi. If a unitary transformation as in Eq. (13) is applied to
the Hamiltonian in Eq. (27), then we have an effective Hamil-
tonian
Heffen = ~
ωq − ω0
2
σz + ~
∑
n
[
λne
−inω0tσ+ + h.c.
] (28)
+
∑
i
~ωib
†
ibi + ~
∑
n
∑
i
(g
(n)
i σ+b+ g
(n)∗
i σ−b
†),
with
g
(n)
i = gi Jn
(
2λz
ω0
)
exp [i(n+ 1)ω0t] . (29)
Here, Jn(2λz/ω0) and λn are given in Eq. (15).
For a modulation of frequency ω0 with the resonant ωq =
(n+1)ω0 or near resonant conditionωq ≈ (n+1)ω0, here n =
[ωq/ω0]− 1 denotes the integer nearest to (ωq/ω0)− 1. Then
under the rotating wave approximation with neglecting fast
oscillating terms [62], we only take the term with the integer
numbern = [ωq/ω0]−1, and then the Hamiltonian in Eq. (28)
becomes
Heffen = ~
ωq − ω0
2
σz +
∑
i
~ωib
†
ibi (30)
+ ~
[
λ[ωq
ω0
]−1 exp
{
−i
([
ωq
ω0
]
− 1
)
ω0t
}
σ+ + h.c.
]
+ ~
∑
i
(g
(
[
ωq
ω0
]−1
)
i σ+b+ h.c.).
Equation (30) clearly shows that the SFQ is decoupled from its
environment when the ratio 2λz/ω0 is one of the zeros of the
Bessel function J[ωq/ω0]−1 (2λz/ω0), because the coupling
constants λ[ωq/ω0]−1 = 0 and g
([ωq/ω0]−1)
i = 0 at the zeros
of the Bessel functions. Therefore, in contrast to the longi-
tudinal coupling induced transparency, if the SFQ is initially
prepared to the excited state, i.e., B(0) = 1, then |B(t)| ≡ 1
and |A(t)| ≡ 0. In this case, the SFQ evolves freely and is
always in its excited state, which is equivalent to a dynamical
quantum Zeno effect [63, 64].
IV. COUPLING BETWEEN A DRIVEN SFQ AND AN LC
CIRCUIT WITH LOW FREQUENCY
A. Theoretical model
As shown in the red dashed box of Fig. 6, we first consider
the interaction between a SFQ and a quantized low frequency
LC circuit (e.g., Refs. [36, 50]) with the frequency ω. The
Hamiltonian can be given by
Hq =
1∑
i=0
~ωii|i〉〈i|+~ωa
†a+M
√
~ω
2L
1∑
i,j=0
Iij |j〉〈i|(a+a
†),
(31)
which can be further written as
Hq = ~
ωq
2
σz + ~ωa
†a+ ~ (g1σx + g2σz) (a+ a
†), (32)
with the coefficients
g1 =
M
~
√
~ω
2L
I01, (33)
g2 =
M
2~
√
~ω
2L
(I11 − I00). (34)
Here, M is the mutual inductance between the LC circuit and
the SFQ. L is the self-inductance of the LC circuit. a (a†) is
the annihilation (creation) operator of the quantized LC cir-
cuit. And the condition I01 = I10 is used. The transverse
and longitudinal couplings of the SFQ to the LC circuit are
realized via the coupling constants g1 and g2. The analysis of
the inversion symmetry of the SFQ potential energy tells us
that the longitudinal coupling vanishes (i.e., g2 = 0) only at
the optimal point f = 0.5, however the transverse coupling
is always nonzero. Below, we will study the case that both
transverse and longitudinal coupling terms are nonzero for the
reduced magnetic flux f 6= 0.5.
As in experiments [30, 36] and also theoretical studies in
Ref. [50], we now consider that the LC circuit and the SFQ
are in the regime of the very large detuning, i.e., the dispersive
regime
∆ = ωq − ω ≫ |g1|. (35)
In this condition, for the simplicity of the discussions, we take
an approximation
ωq − ω ≈ ωq + ω, (36)
and apply a unitary transformationU = exp(−iS) to Eq. (32)
with
S =
g1
ωq
(a† + a)σy , (37)
then we have an effective Hamiltonian
Heffq = U
†HqU ≈ ~
ωq
2
σz + ~ωa
†a
+ ~σz
[
g2 −
g21
ωq
(a† + a)
]
(a† + a), (38)
which has been obtained in Ref. [50]. Here, we only keep to
the first order of g1/∆. As discussed in Ref. [50], this trans-
form considers that the transverse coupling affects the SFQ
via a second-order longitudinal coupling.
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FIG. 6: (Color online) Schematic diagram for the coupling between
an LC circuit and an SFQ (indicated by the red dashed box), which is
driven by the external magnetic flux Φ(t) (left part of the figure with
the dark red color).
B. Single- and two-photon coupling between the low frequency
oscillator and the driven SFQ
Let us now discuss the coexistence and disappearance of
single- and two-photon processes in the driven SFQs when
the longitudinal coupling appears. As shown in Fig. 6, we
assume that a classical magnetic flux Φ(t) with the frequency
ω0 is applied to the SFQ, which is coupled to an LC circuit.
We consider a general case for the reduced magnetic flux f 6=
0.5. In this case, the classical field has both the transverse and
longitudinal couplings to the SFQ via the operators σx and σz .
The total Hamiltonian can be given by
HT = Hq + ~(λx σx + λzσz) cos(ω0t). (39)
As for obtaining Eq. (38), we first apply the unitary transfor-
mationU = exp(−iS) to Eq. (39), then we obtain an effective
Hamiltonian
HeffT = H
eff
q + ~(λx σx + λzσz) cos(ω0t). (40)
Here, we have neglected the three-body coupling terms be-
tween the LC circuit, the SFQ, and the classical magnetic flux
by taking an approximation similar to that in Ref. [50]. When
Eq. (40) is derived, all of the nonresonant conditions have to
be satisfied. However, in contrast to the Ref. [50] where only
the transverse coupling term is kept, here we keep both the
longitudinal and transverse couplings between the classical
field and the SFQ. Let us now further apply another unitary
transformation
U(t) = exp
[
i
2
(
ω0t+ 2
λz
ω0
sinω0t
)
σz
]
(41)
to Eq. (40), then we have
HeffT = ~
ωq − ω0
2
σz + ~σz
[
g2 +
g21
∆
(a† + a)
]
(a† + a)
+ ~ωa†a+ ~
∑
n
[
λne
−inω0tσ+ + h.c.
]
, (42)
with the effective Rabi frequency λn = λxJn(2λz/ω0). For
the last term in the righthand side of Eq. (42), only the term
for n = 0 with the Rabi frequency λ0 = λxJ0(2λz/ω0) is
time independent.
We assume that ωq ≈ (n + 1)ω0. In the rotating reference
frame V (t) = exp(−inω0σzt/2) and using the dressed SFQ
basis, Eq. (42) becomes
HeffT,R = ~
ΩR
2
σz+~ωa
†a+~(β1σ+a+β2σ+a
2+h.c.), (43)
with the dressed qubit frequency
ΩR =
√
[ωq − (n+ 1)ω0]2 + (2λn)2. (44)
Here, the fast oscillating terms in Eq. (42) and the anti-rotating
terms in the dressed SFQ basis have been neglected. The sub-
script “R” indicates the rotating reference frame. The cou-
pling constants β1 and β2 are
β1 = 2
λn
ΩR
g2, (45)
β2 = 2
λng
2
1
ΩR∆
. (46)
Equation (43) shows that the single-photon process survives
when ΩR = ω, however two-photon process appears when
ΩR = 2ω.
For the single- and two-photon processes in the driven SFQ
shown above, we should notice: (i) if the driven SFQ works at
the optimal point f = 0.5, then g2 = 0 and the Hamiltonian in
Eq. (32) is reduced to that of the Jaynes-Cumming model. In
this case, β1 = 0 in Eq. (43) and only the two-photon process
exists. However, if f 6= 0.5, which corresponds to the broken
inversion symmetry of the SFQ potential energy, then both g1
and g2 are nonzero. In this case, β1 and β2 in Eq. (43) take
nonzero values, thus single- and two-photon processes can co-
exist. (ii) Eq. (43) also shows that both β1 and β2 are propor-
tional to the nth Bessel functions Jn(2λz/ω0). In the case of
zeros of the nth Bessel functions, the transverse coupling via
σx between the driven SFQ and the LC circuit is switched off,
neither single-photon process nor two-photon process can be
observed in the driven SFQ. This is an additional condition
to obtain the coexistence of single- and two-photon processes
in the driven SFQ [36]. Therefore, the ratio between the lon-
gitudinal coupling constant λz and the frequency ω0 of the
driving field determines the coexistence and disappearance of
single- and two-photon processes. (iii) Due to the coexistence
of single- and two-photon processes when the inversion sym-
metry of the SFQ potential energy is broken, the preparation
and engineering of quantum states of the harmonic oscillator
can be more efficient [65]. (iv) As the closing remark of this
section, we also note that the dynamics of the SFQ and the LC
oscillator in the dispersive regime beyond the rotating-wave
approximation has been studied in Ref. [66]. This method can
also be applied to the derivation in Eq. (38) when the rotating
wave approximation cannot be made.
V. CONCLUSIONS AND DISCUSSIONS
In summary, as the necessary complementary and general-
ization of our earlier studies [34], we first give phase transfor-
9TABLE II: Similarities and differences of superconducting charge,
flux, and phase qubits for the optimal point, selection rules and lon-
gitudinal coupling.
Qubit Type Optimal point Selection rules Longitudinal coupling
Charge Have Have (at optimal point) Have (not at optimal point)
Flux Have Have (at optimal point) Have (not at optimal point)
Phase Not have Not have Have (always)
mations when the time-dependent microwave is applied, and
then study the microwave-induced transitions between differ-
ent energy levels in the multi-level systems formed by the SFQ
circuits. We have compared the selection rules between these
superconducting artificial “atoms” and the natural atoms. It is
found that the selection rules for such multi-level systems are
the same as those of the multi-level natural atoms when the
reduced bias magnetic flux f , applied to the superconducting
loop of the SFQ circuits, is at the optimal point f = 0.5. This
is because the inversion symmetry of the potential energy is
well defined in this case. However, when the reduced bias
magnetic flux is not at the optimal point, i.e., f 6= 0.5, the
superconducting “atoms” have no selection rules, in this case,
the microwave-induced transitions between any two energy
levels are possible.
The inversion symmetry of the potential energy for the SFQ
circuits is not only important to the multi-level systems, but
also important to the two-level systems (qubits). With the
broken inversion symmetry, there are both the transverse and
longitudinal couplings between the SFQs and the external
magnetic fluxes. Compared with the two-level natural atoms
that only have the transverse coupling, the SFQs have several
new phenomena due to the existence of additional longitudi-
nal couplings. For example, in the two-level natural atoms,
the single- and multi-photon processes cannot coexist due to
the well-defined parities of the eigenstates, however, in the
SFQs, the longitudinal coupling can induce the coexistence of
single- and multi-photon processes. We also demonstrate that
the longitudinal coupling can result in: (i) the transparency of
the SFQ to the transverse coupling field; (ii) the dynamical
quantum Zeno effect.
We further study the coupling between the driven SFQ and
the LC circuit with the low frequency. We show that the lon-
gitudinal coupling can result in the coexistence of the single-
and two-photon processes. In contrast, only single-photon
processes exist for the case that the longitudinal coupling is
zero. We also obtain the conditions that the single- and two-
photon processes can disappear even there is longitudinal cou-
pling.
As summarized in the table II, the phase qubits do not have
the selection rules and the optimal point, thus there is always
longitudinal coupling between the phase qubit and the mi-
crowave fields. However the charge qubits have the selec-
tion rules and the optimal point, thus there is the longitudi-
nal coupling between the charge qubits and the microwave
fields when the charge qubits do not work at the optimal point.
Therefore, we remark that: (i) all results studied in this paper
for the SFQs can be directly generalized to the superconduct-
ing phase qubits [67, 68], these results can also be generalized
to the charge [69–72] qubits when the charge qubits do not
work at the optimal point. Because all of these qubit systems
can have the Hamiltonians similar to those in Eq. (12) and
Eq. (32) under proper conditions. (ii) The transverse and lon-
gitudinal couplings between the charge qubit and the LC cir-
cuit in the resonant or near-resonant case have been studied,
e.g., in Ref. [70]. However, some new aspects induced by the
longitudinal coupling are still needed to be further explored in
the near future, e.g., photon state engineering.
We now discuss the experimental feasibilities of our pro-
posal. The observation of the coexistence of multi-photon
processes in multi-level systems of the superconducting quan-
tum circuits might exceed current experiments for the high
frequency cutoff of the cryogenic amplifier. However, as
shown in this paper, the nature of the coexistence of multi-
photon processes in multi-level SFQ circuits and the longi-
tudinal coupling induced coexistence of single- and multi-
photon processes in two-level SFQ circuits are the same.
Thus, we suggest experimentally observing the latter. This
should be experimentally realizable with current technology.
We note that the longitudinal coupling induced transparency
of the SFQs to the transverse coupling fields can be ob-
served by coupling a SFQ to the open one-dimensional space
of a transmission line as for experimental observation of
the Autler-Townes effect [25] in three-level superconducting
quantum circuits. The dynamical quantum Zeno effect can
be demonstrated by directly measuring the coherent time of
the SFQ when the SFQ deviates from the optimal point and
a proper longitudinal field is applied to the SFQ. In current
experiments, the coupling strength between the SFQ and the
microwave field is just determined by the experimental data.
To our knowledge, there is a lack of theoretical fittings of ex-
perimental data for the coupling strength between the SFQ
and microwave field. Thus, although we think that the inter-
action Hamiltonian between the SFQ and the microwave field
in Eq. (1) is more reasonable, the experimental confirmation is
still desirable. This would be very helpful for both theoretical
and experimental studies of scalable SFQs in the supercon-
ducting quantum information processing.
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